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Models of Diffusion in 
Lyotropic Liquid Crystals 
M A R V I N  BISHOPt and E D M U N D  A. D l M A R Z l O  
lnstitu te for Materials Research 
National Bureau of Standards 
Washington, D. C. 20234 

(Received November 2S, 1973) 

The asymmetric diffusion of small molecules in a liquid crystal host is examined via three 
models. The small molecules are represented by spheres and the liquid crystal host by 
aligned cylinders. DASH is a continuum model which allows one t o  use the results of 
electrical conductivity problems to calculate the diffusion coefficient. LASH is an exten- 
sion of polymer lattice counting models. CASH is a molecular dynamics computer simuia- 
tion which provides experimental data to check the analytical models. I t  is found that 
DASH is a better representation of the diffusion asymmetry than LASH for the low liquid 
crystal densities examined on the computer. The cylinder sphere pair correlation function is 
also calculated in CASH and this gives evidence for liquid order around the liquid crystals. 

INTRODUCTION 

Recently, liquid crystals have become a focal point of intense scientific study' 
because of their biological and technological importance. These materials are 
substances intermediate in properties between isotropic random liquids and 
ordered solids; for example, they behave like liquids mechanically but like solids 
optically. This behavior is caused by the existence of a partial directional order 
in the long axes of molecules forming liquid crystals. This order implies an 
asymmetry in properties such as viscosity and diffusion, since flow will be much 
less hindered parallel to the direction of the unique liquid crystal axis than 
perpendicular to it. There are two basic types of liquid crystals: lyotropic and 
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312 M. BISHOP AND E. A. DIMARZIO 

thermotropic. Lyotropic liquid crystals are formed by mixing large, asymmetric 
solutes with small, symmetric solvents; e.g. poly-y-benzyl-L-glutamate with 
dioxan. Thermotropic liquid crystals are formed by heating a pure, asymmetric 
material; e.g. p-azoxyanisole.. Here, we examine diffusion in lyotropic liquid 
crystals; Kushich and Berne’ are investigating diffusion in thermotropic mate- 
rials. Three separate models are examined in this study: DASH, LASH and 
CASH. The acronyms represent the diffusion analogue simulated habitat, the 
lattice analogue simulated habitat, and the computer analogue simulated habitat. 
These models are discussed in the following three sections and then compared in 
Sect. V. In the appendix the asymmetric diffusion of the LASH model is ex- 
pressed in terms of the order parameter. 

THE DIFFUSION EQUATION APPROACH TO LIQUID CRYSTAL DIFFU- 
SION (DASH) 

The first model for which the asymmetric diffusion coefficient will be computed 
consists of a solution of large non-flexible molecules and solvent. The model 
applies to molecules of any shape but for simplicity we shall always use cylin- 
ders. It is postulated that these molecules do not move much during the self- 
diffusion of the solvent molecules. The diffusion of solvent is held to obey the 
following Fickean diffusion laws: 

ac 
a t  
- = D V2 C (in the interior between cylinders) 

VC I ,, = 0 (on the cylinder walls) 

11 (la) 

I1 (lb) 

J = - D V C  11 (lc) 

where C is the concentration, J is the current, and D is the diffusion coefficient. 
If one were concerned with diffusion in the small, that is to say over distances 
comparable to the average separation between cylinders, then the problem 
would be especially difficult. However, if one is content to discuss diffusion over 
distances large compared to the separation between cylinders the problem can be 
simpliffied. Consider a region of the material. If the concentrations on the 
boundaries were constant then the current J could be determined as a steady 
state solution. We can show that this limit is closely approximated when the 
concentration gradient changes slowly. For simplicity we illustrate this for the 
one dimensional case with a region of length AX. 

In order for steady state conditions to be valid the rate, J ,  at which material 
flows through the region must be large compared to the rate of accumulation of 
material within the region, a(AXc)/at. 
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DIFFUSION MODELS 313 

Hence, 

Eq. (2) can always be made to hold for long times because the Gaussianlike 
distribution broadens enormously with time. We are interested in using the 
steady state approximation for distances which encompass many cylinders. The 
equation 

a2c ac 
a P  ax A X  - 1 - =  1 

can be used to define a AX which may be compared to the average separation, d, 
between cylinders. Clearly for the case 

a2c ac 
axz ax d -  / - < I  

the steady state condition applies. When the concentration gradient changes 
a2c 
ax* sufficiently slowly, - will be sufficiently small for Eq. II(4) to be satisfied. 

When the corresponding three dimensional steady state condition is valid, 
Eq. ( I )  reduces to 

o = v 2 c ;  VCI, = o  
J = - D p C  

Observe that Eq. (5) is identical to the problem of electric current flow in a 
conductive medium (solution) in which are imbedded insulated regions (large 
molecules) : 

V * j =  0 jln = 0 

j = a V V  

where V is the potential, u the conductivity, and j the current density. Thus, the 
problem of calculating D is identical to the problem of calculating the conduc- 
tivity of a composite material. This analogy is useful for two reasons. First many 
computations have been made on the conductivity problem and their results can 
be taken over bodily. Second, for systems too complicated to solve analytically 
one can actually make electrical resistivity measurements on  the electrical anal- 
ogue of the liquid crystal system3. 

We would like to  show that D is a second-order tensor by considerationof 
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314 M. BISHOP AND F,. A.  DlMAR7.10 

the electrical analogue. This can be done in two steps. First, observe that the 
power dissipation in the principal axes coordinates is 

P =  Z:uiEf 11 (7) 

where Ei is the electric field and ui is the conductivity in the ith direction. In 
this reference frame the current, Ji = oiE,, lies in the same direction as Ei. 
Second, since E is a vector and P an invariant, oi must be a tensor by the 
quotient law of tensor calculus4. That is to say, in an orthogonal coordinate 
system rotated arbitrarily with respect to the principal axes, we have 

P = Z: ~ i j  Ei Ej 11 (3) 
i, i 

The diffusion coefficient, Dii, will now be calculated for the same model on 
which we will do computer simulations. This is a random array of very long 
parallel rigid rods (cylinders). The diffusion of material along the direction of 
the rods is a one dimensional problem and is determined by solving the equa- 
tion 

where D is the solvent diffusion coefficient. If we define an average concentra- 
tion, <C> which includes averaging over the total volume including the cylin- 
ders, then 

<c> = voc I1 (10) 

because there is no material inside the cylinders. Here Vo is the volume fraction 
of solvent. It should be observed that definition II(10) means that < C ,  can be 
discontinuous; e.g. at the boundary between a liquid crystal and pure solvent. 
The current, <j> is 

< j >  = -Dll V < C >  = -Dll V(V0C) I1 (11) 

where D,, is the diffusion coefficient parallel to the rods and for consistancy <j> 
is integrated over an area which includes the cylinders. But the equation of 
continuity gives 

ac 
- + V - < j >  = 0 
a t  

or 
a<c> 

a t  
- _ _ _  - DllV2 <C> 

Substituting for < C > we obtain 

I1 (12) 

I1 (13) 

I1 (14) 
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DIFFUSION MODtLS 315 

which when compared to Eq. (9) shows thzt 

011 = D  11 (15) 

Thus, the concentration broading of  a slug of material proceeds according to the 
formula 

V,  exp (- X 2  /Wt)  <c> = V,C = 
(4rrDt) ‘12 

I1 (16) 

Were the formula for D,, given by D =  VoD as some suppose’ the broading 
would proceed at a different rate (?VoD instead of 20).  

The calculation of D, is a little more difficult. This problem is equivalent to 
the two dimensional problem of conductivity in a plate which has holes punched 
in it randomly. The random placement of holes makes the problem impossible to 
solve analytically. We therefore replace this problem by one with a regular array 
of holes. The conductivity of these two geometries are expected not to differ 
much since the diffusion equation is parabolic. Were the diffusion equation 
hyperbolic in nature one could expect interference effects; scattering from the 
regular array would be much different than scattering from a random array. Now 
the problem of the conductivity of a conductive plate with a regular square array 
of non-conductive holes has been solved by Raleigh6 His result, obtained by 
solving the problem of a periodically replicated square with a single hole, is 

2 Vr 

1 + V, - 0.305 I I ( l7)  

vy = (1 - VO) 

where V ,  is the volume fraction of solvent and V, is the volume fraction of rods. 
The corresponding material diffusion problem gives 

2 V, d C  
< j > = D  1 - -  I1 (18) ( 1 + V, -0.305 V,?) ax 

where j is the average current and C is the local concentration. In terms of the 
average quantities used before 

2 vr a<c> 
< j > = -  1 -  

v o  ( 1+Vr-0.305 V:! ax I1 (19) 
<c> = 

This equation plus the continuity equation 

+ v .  a<c> 
a t  

v, c 

< j >  = 0 I1 (20) 
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M. BISHOP A N D  E. A. DIMARZIO 316 

yields 

1 + V, - 0.305 V," 

11 (21) 

I1 (22) 

Since Raleigh's early work on electrical conductivity others have investigated 
the properties of composite materials and have obtained relationships between 
the transport properties of the composite and those of the continuous and 
dispersed phases.' These equations are useful for the study of processes such as 
heat conduction and mass diffusion as well as electrical conductivity. Nielson' 
reports the following empirical equations: 

1 - v, 
C = l +  ( F ) v r  

I1 (23a) 

11 (23b) 

I1 (23c) 

Here K is the property of interest of the two phase material, subscripts 0 and r 
refer to the continuous and dispersed phases, respectively, A is a constant which 
depends upon the shape of the dispersed particles and how they are oriented 
with respect to the direction of current flow, and V,  is the maximum packing 
fraction of the dispersed particles. Values of A and V,  are listed in Nielson's 
tables. When the dispersed particles are uniaxially oriented perpendicular to the 
current flow, A equals 0.5. When the closed packing configuration is a simple 
cubic array, V ,  equals 0.785. Nielson's equations give 

I1 (24a) 

C = 1 + 0.35 V, I1 (24b) 

An interesting feature of these equations is that the absolute diameter of the 
rods is unimportant. This is a general feature of Eq. II(5); D is invariant to a 
scaling of the size of the rods. This agrees with the experimental measurements 
made by Barrer et d 3  Furthermore, they found that conductive paper with 
random and regular arrays of holes had, within experimental limits, the same 
conductivity. 
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DIFFUSION MODELS 317 

A DISCRETE LATTlCE MODEL APPROACH TO THE DIFFUSION COEFFI- 
CIENT (LASH) 

The approach of the previous section has a severe limitation. The mean free path 
of the diffusing particle must be small compared to the diameter of the rigid 
rods. Moreover, the DASH model is a continuous model in which the size of the 
diffusing molecule is assumed to be small compared to the diameter of the solute 
molecules. We can supplement the previous method by one in which both the 
length of the diffusing step is equal to the size of the solute molecules and the 
size of the solvent particles is equal to the diameter of the solute molecule. 

Our model will be a lattice model. Let us envisage a cubic lattice in which 
each cylinder is represented by r continguous occupied sites in the Z direction 
and each solvent molecule is represented by one occupied site. Empty lattice 
sites are allowed. We will again assume that the solute molecules are fKed and 
attempt to calculate the self-diffusion coefficients of the solvent molecules. The 
solvent molecules are allowed to move only along each of the three mutually 
perpendicular bond directions. Also only jumps to adjacent emply sites are 
allowed. The length of a jump is the length of a bond. Under these conditions it 
is evident that the diffusion coefficient in a particular direction is proportional 
to the number of solvent hole pairs in that direction. In mathematical form 

Dj af i  (S, 111 (1) 

where fi (S, H) is essentially the number of solvent hole pairs connected by a 
bond in the ith orientation and S and H represent solvent and hole sites respec- 
tively. Now the useful feature of Eq. ( 1 )  is that the quantityf;: (S, K )  is easily 
calculated by methods already in the l i t e r a t ~ r e . ~  We must first convince our- 
selves that: 

I11 (2) 

Equation (2) is valid because the number of ways to pack solvent and polymer in 
the absence of the holes, W (P,S‘) is simply related to the number of ways to 
pack solvent, polymer and holes, W (P, S, H’). 

I11 (3) 
N s  + NH = Nh 

where Ns and NH are the number of solvent molecules and holes respectively. 
That is to say, the only difference in the statistics is an entropy of mixing term 
for mixing solvent and holes which is not orientation dependent. Thus, if we 
know the statistics for solvent and polymer, then we also know it for solvent, 
polymer and holes. Therefore 
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318 M. BISHOP AND E. A. DIMARZIO 

Di a f i  ( S ,  S )  111 (4) 

Equation (4) can also be viewed directly as an ansatz for diffusion. 
The probability of finding S-S pairs in each of the various directions has been 

calculated previously.' Here we rederive the result for the special case of N,. rods 
of length r aligned in the 2-direction and No solvent molecules. Consider motion 
parallel to the rods. The probability of success of finding an adjacent solvent 
particle in the Z-direction (Ps) is proportional to No whereas the probability of 
success of finding an adjacent rod in the 2 direction (PR) is proportional to N,. 
Since PLY + PR = 1, one finds that 

111 (5) 

If this expression is divided by the total number of filled sites No + IN,, we 
obtain 

v; 
I11 (6) ps = ______ 

1 - v; [ 1 4  

where V i  is the fraction of solvent (No/(No + rNr)) and V; is the fraction 
of rods (rN,./(No + rN,.)). Now consider motion perpendicular to the rods. P, is 
still proportional to No but now PR is proportional to rNr. Therefore, 

= v; NO P, = 
No 4- r N,. 

Thus, the diffusion coefficient components are 

Vi D ~- 
D, = 

1-v; ( 1 - f )  

111 (7) 

111 (8) 

D, = Dy = Vh D 

where D is the diffusion coefficient at zero concentration of r-mers. This formu- 
la can be generalized to the case where only a fraction a of the molecules point 
in the direction z and [(l -a) /2]  lie in directions x andy. 

D V i  D VA 
D, = 

These expressions may be further generalized to handle the situation in which 
the molecules are semi-flexible rather than stiff. Such results might be useful for 
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DIFFUSION MODELS 319 

predicting the asymmetric diffusion coefficient in a stretched rubber. It has been 
pointed out in a previous paper’ that probabilities are a function only of CY and 
not on the specific way these 01 bonds are arranged within each molecule. The 
physical idea is that when one takes a step towards a bond the first segment of 
the bond shields the second segment and thereby prevents it from being oc- 
cupied (stepped into). In the counting process one allows for this fact by sub- 
tracting out the shielded segments. One obtains 

D VA 
I11 (10) 

This formula is valid for any lattice. In the appendix these results are recast in 
terms of the order parameter. In order to be able to compare the results of this 
section to those of the other sections we must relate Vd to V,. In the other two 
models V ,  is the volume fraction of Space unoccupied by cylinders and that 
includes both solvent molecules and holes. In LASH Vd is the number fraction 
of solvent only. If the cylinders are of length r and radius a and if each one is 
contained in a parallelepiped of length r and square cross-section with side 2a, 
then the ratio of the total volume not occupied by cylinders to the total volume 
is 

( 4 a 2  - . r r a 2 ) ( ~ ~ , ) + 4 a 2  N ,  
111 ( 1  1 )  

111 (12) 

4 2 ( rNr )  + 4 2 N o  

V ,  = 0.215 + 0.785 VA 
Therefore, 

COMPUTER MODEL (CASH) 

The molecular dynamics method’ enables one to calculate static and dynamic 
properties of model systems from a solution of Newton’s equations of motion. 
We have applied this technique to the Iyotropic liquid crystal model in order to 
study the diffusion of spherical particles imbedded in a liquid crystal host. The 
computer model consists of a cube containing spheres (the diffusing particles) 
and symmetrically placed cylinders (the liquid crystal). The cylinders are aligned 
along the z-axis of the box and extend for the entire box length. The length of 
the cube, L, is determined by 

where as is a sphere diameter, N,  the number of spheres, and n,  the volume 
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320 M. BISHOP AND E. A. DIMARZlO 

CROSS SECTION OF X-Y PLANE 

$: 
6 

I .o 

0 D 
0 

E 

FIGURE 1 
Distances are in units of u. 

Cross-section of x-y plane for the case of five symmetrically placed cylinders. 

fraction of spheres. The number of spheres and cylinders which can be examined 
is limited by the speed and storage capacity of the computer available. The 
cylinders are assumed to be massive when compared to the spheres so that they 
are stationary on the time scale of the sphere motion. The system therefore 
represents a model for the motion of spherical objects through a cylindrical 
matrix and, hence, the machine costs are determined by the number of spheres 
studied. Computer time limitations confined us to systems containing one hun- 
dred spheres and various numbers of cylinders. Studies have been made with 
one, two, four and five cylinders which are placed symmetrically in the cube. A 
cross-section of the x-y plane for the 5 cylinder case is shown in Figure 1. Note 
that the spheres are given the same diameter as the cylinders in all of these 
calculations. 

In order to solve Newton’s equations one must have the interaction potential 
of the model particles. The spheres interact via a Lennard-Jones 6-12 potential 
while the sphere-cylinder interactions follow a Lennard-Jones 5- 1 1 potential 
which results when the 6- 12 form is integrated over the cylinder axis: 

IV (2a) 
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DIFFUSION MODELS 321 

R = [(R; - R;)' + (R.; - R ;)' I"* IV (2b) 

where R,S is the x-component of the sphere position, R,C is the x-component of 
the cylinder position and R,, represent the y-component. This potential has a 
longer range than the usual 6-12 (see Figure 2) and so the cut-off was taken as 
2.75 instead of 2.5. All of our calculations are done in the following reduced 
units: length in units of u, velocity in units of ( ~ / m )  '/', and time in units of 
(l/u)(e/m)'/' where u=3.4058, E =  119.8kB and m = 39.95 x 1.66 x lo-" 
gm. These are the parameters of the 6-12 potential of argon. A sphere volume 
fraction of 0.2 faes  the cube length as 6.397. In order t o  minimize surface 
effects and to simulate an infinite system, periodic boundary conditions are 
imposed on the equations of motion. A given particle in the box interacts with 
all the other box particles plus their images if these are within the range of the 
intermolecular potential. However, because the sphere potential range is less 
than L / 2  the particle can interact only with the closest image of another box 
particle if it doesn't interact with the box particle itself. Periodic boundary 
conditions have the consequence that when a particle leaves the box through one 
face, its image enters the opposite face, thus preserving the number of particles 
in the box. These boundary conditions set r = - in all of the formale of Sect. 111. 

The solution of Newton's differential equations of motion requires a set of 

COMPARSION OF 30 AND 2D L J  POTENTIALS 
.6 

p 

.2- 9 
> 0- 

-.2 - 

- 4 -  

- 

- oz 
v 

.6 I .2 1.8 2.4 3 .O 
R/O- 

FIGURE 2 
represents sphere-sphere interactions; LJ2D respresents sphere-cylinder interactions. 

Comparison of three and two dimensional Lennard-Jones potentials. LJ3D 
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322 M. BISHOP AND E. A. DIMARZIO 

initial conditions and a numerical algorithm for casting the continuous differen- 
tial equation into a discrete representation needed for the computer. The initial 
conditions are specified by starting the spheres from random positions and with 
velocities selected from a Maxwellian distribution. The Runge-Kutta-Gill al- 
gorithm was chosen to integrate the equations. A step of 0.01 (or 2 x sec) 
was used in all our calculations. Since there is no u priori guarantee that the 
initial arbitrary configuration is an equilibrium one, the approach the equilib- 
rium was monitored by following the size of the temperature fluctuations. Fifty 
initial steps were sufficient for equilibration. After equilibrium was reached the 
equations were solved for many additional steps and the positions, velocities, 
and accelerations were placed on 9-track magnetic tape for later analysis. Energy 
was conserved to 0.3% over 1000 steps. 

Diffusion coefficients can be obtained in two ways from the stored data. One 
can either integrate the velocity autocorrelation function via a Green-Kubo rela- 
tion: - 

D,, = J < Vx(t) Vx (0) > d t  IV (3) 
0 

or find the slope of the mean-square displacement vs. time in the Einstein 
formula: 

1 

2 t  
D,, = - <(X(t )  - X ( 0 ) ) 2  > IV (4) 

Unfortunately, the periodic boundary conditions limit the times which can be 
examined to those shorter than L/c where c is the sound velocity. For times 
longer than this a disturbance which arises in one region of the box can cross the 
box and enter the opposite face leading to spurious recurrences. In our systems 
this limiting time is = 120 steps. Since it takes almost this long for the mean- 
square displacement to reach the linear region from its early t’ behavior (see 
Figure 3), D must be determined by the integration method. The velocity auto- 
correlation function was determined for each direction by the following aver- 
aging procedure: 

1 1 ” o  
< Y ( t )  Y ( O ) >  = -- 3 C Y i ( t + i )  Q(i)  IV(5) N p  No j=1 i=l 

where N p  = 100’ (the number of particles) and No = 400 (the number ,of time 
origins). The normalized velocity autocorrelation functions (NVAF), \k(t), are 
displayed in Figures 4-6. The noise builds with time so that it is difficult to 
extract the true function between points 50 and 120. It is seen that the NVAF 
components decrease more rapidly at higher cylinder densities (each additional 
cylinder increases the volume fraction of cylinders by 0.02). This is a reflection 
of the increased cross-section which hinders the sphere motion. The ratios of 
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I- 
Z w 
2 
w 

U cn 
0 

TIME 
FIGURE 3 
Each time step is 2 x 

Mcan-square displacement of thc spheres vs tiinc for the fivc cylinder CBSC. 

SCC. 

Dl Dl 

Dll DT 
interest, R = - and R'= - are formed by averaging the D, and D,  compo- 

nents to give D, and D,, D ,  and D, to give D,. Dz is D,,. Note that 
R' = 3R(1 + 2R). 

It is of interest to examine the structure of the solution around the cylinders. 
We define the cylinder-sphere pair distribution function, g(R). 

< n ( R ) >  
g ( R )  = n (2 ?rLR A R )  

where n is the uniform sphere number density (100/L3 = 0.382), R is the dis- 
tance from the center of the cylinder, AR the width of the cylindrical volume 
element (AR = 0.01), L the cylinder length, and 07(R)> the average number of 
spheres in the volume element. This function was determined for the 5 cylinder 
case because G ( R ) >  could be averaged over the cylinders to improve the statis- 
tics. g(R) is presented in Figure 7. There is a large first peak and a smaller second 
peak. If the spheres had condensed on the cylinder to form a solid, we would 
expect to find 6 x 6-36 first neighbors. In the case of a random arrangement of 
spheres around the cylinders (e.g. a gas) one should find 12711,[(3/2)~ -1 1 or 9.58 
first neighbors. Eq. ( 6 )  can be integrated to give an expression for the number 
of neighbors in a given shell. 
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COMPARISON OF THE 
NORMALIZED VELOCITY 
AUTOCORRELATION FUNCTION 
AT DIFFERENT DENSITIES 

I I 
5 0  100 

-.05‘ 

TIME 
FIGURE 4 
different numbers (see graph) of cylinders in the cube. Each time step is 2 x 

The xx component of the normalized velocity autocorrelation function for 
sec. 

R 
n ( R )  = 2nL.z J G(s)sds  IV (7) 

0 

When the integration is performed over the first peak one obtains 18.4 first 
neighbors. Hence, our model “IOO~S” like a liquid. Note that the temperature of 
the system is .802 which is in the range of temperatures at which argon is a 
liquid at normal pressure. 

DISCUSSION OF RESULTS 

Each of the analytical methods used here is expected to be valid in different 
limits of sphere size and density. DASH should apply whenever conditions are 
appropriate to Fickean diffusion. They are: (l) ,  the mean free path of the 
diffusing molecule is short compared to the space intervals of interest. (2) The 
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I I 

COMPARISON OF THE 

AUTOCORRELATION FUNCTION 
AT DIFFERENT DENSITIES 

NORMALIZED VELOCITY 

I 
2 
4 
5 

. . . . . . . . . . . . . 

-. -. - 
- _ _ -  

I I 

50  100 
TIME 

FIGURE 5 
different numbers (sce g a p h )  of cylinders in the cube. Each time stcp is 2 x lo-' ' sec. 

The .v)z componcnt of the normalized velocity autosorrelation 1 unction for 

mean free path is small compared to the dimensions involved in the boundary 
conditions. Thus, DASH should apply when the spheres are small compared to 
the diameters of the rods and when the density of rods is low to moderate. 
LASH should apply when the spheres are comparable in diameter to the diam- 
eter of the rods and when the concentration of the rods is high. This latter 
restriction arises because the lattice model calculations are expected to be accu- 
rate only in the high density range, lo  though attempts to generalize the model 
to lower concentrations exist." 

Figure 8 is a comparison of R =D,/D,, and Figure 9 is a comparison of 
R'= D,/D, as predicted by each of the models. Both the DASH and LASH 
expressions must break down as the cylinders begin to get close-packed. R (and 
R ')will go to zero at different cylinder volume fractions (or 1-V, for holes and 
solvent) depending upon the closed-packed configuration. The point 0.21 5 cor- 
responds to cubic two dimensional close-packing. The curves are.not extended 
lower than Vo equal 0.5 for the DASH model because we do not know how they 
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1.0 

.8 

.6 

%Y 

.4 

2 

C 
-.05 I I 

5 0  I00 
TIME 

FIGURE 6 
different numbers (see graph) of cylinders in the cube. Each time step is 2 x lo-'' sec. 

The zz component of the normalized velocity autocorrelation function for 

come into the point 0.215. CASH results are denoted by squares and circles 
which refer to different time cut-offs of the upper limit in the Green-Kubo 
expression. While none of the analytical models agrees well with the computer 
data, DASH (Nielson) seems to be better than LASH at the low cylinder den- 
sities investigated (V, GO.1). Note that the cube is quite crowded, even though 
the volume fraction of cylinders is low, because the corners are nearly excluded 
from the sphere motion. This happens because CASH requires the spheres to be 
inside the cube and this is progressively more difficult near the corners as the 
cylinders begin to occupy corner positions. In order to study higher cylinder 
volume fractions the programs could be rerun with the spheres having a smaller 
size. Even the low volume fraction results have a large scatter which could be 
reduced by treating larger systems of spheres for long times. We feel that addi- 
tional expenditure is unjustified at this time because of the paucity of experi- 
mental data. Each of the three methods used here can be improved upon. We 
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I 

I 2 3 4 
R I D  

FIGURE 7 The cylinder-sphere pair correlation function for the five cylinder case. 

DASH (NIELSON) 
DASH (RALEIGH) 
LASH 

______- 
---- - 

CASH(CUTOFFAT50) 
0 CASH(CUTOFFAT100) deR 

/ 
I I I 

0 .2 4 .6 .8 1.0 
4 

"0 

FIGURE 8 
fraction Vo. The point 0.215 corresponds to two dimensional cubic close-packing. 

The asymmetry ratio, Dl/Dil, for each of the models as a function of volume 

wish here to indicate the direction in which such improvements would lead 
without however attempting the improvements themselves. 

The diffusion approach lends itself to analogue computer techniques. A me- 
dium of uniform conductivity (preferably a gel) can be imbedded with non- 
conductive particles of the same shape as the solute molecules in the liquid 
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I I I I 
- - - - - - - DASH (NIELSON) 

DASH (RALEIGH ---- 

2 4 .6 .8 I .o 
"0 

FIGURE 9 
The point 0.215 corresponds to two dimensional cubic close-packing. 

The ratio, o l / D ~ ,  for each of the.models as a function of volume fraction Vo. 

crystal. With such a system the variation of conductivity as a function of size 
and shape of the particles as well as their volume fraction and orientation can be 
easily obtained. By preparing the system suitably one can hope to mimic the 
randomness which occurs in the real solvent solute system. Perhaps the easiest 
system on which to make measurements is the two dimensional conductive 
sheet. This material provides an analogue for both the two dimensional liquid 
crystal problem and for the case of a parallel arrav of long rods in three dimen- 
sions. The work of Barrer et aL3 with conductive paper is interesting since it 
shows that use of random arrays give the same results as regular arrays. Analyt- 
ical techniques for solving random systems are relatively undeveloped. . 

The lattice model approach relies on the presumption that we have correctly 
counted the number of ways to pack polymer molecules on a lattice (validity of 
Flow-Huggins l2  lattice method). However, there is no way to determine the 
errors in the Flory-Huggins lattice method since only the dimer problem has 
been solved exactly. l3 Our lattice approach would benefit from whatever im- 
provements are made in the lattice treatments. However, our development is 
even more limited. First, it is assumed that the diffusing particle steps in one of 
three mutually perpendicular directions when in reality it can step into a conti- 
nuum of angles. Second, we assumed that the length of a step was one lattice 
bond length long when in reality it could step greater distances. A third factor is 
that the particle does not really forget its past as the Markoffian assumption 
implies. When a particle steps into a hole it leaves a hole in the place from which 
it stepped from. Until this hole is filled it is more probable that the particle will 
step back into the hole than any other place. 

The simulation of dynamics on the computer is limited by money constraints 
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329 DIFFUSION MODELS 

and by the limited ability of the computer. Perhaps the-most severe restriction is 
small sample size. The small sample size is a consequence of the money limit on 
the product of the number of particles and their complexity of interaction. Had 
we used mobile, finite length cylinders the problem would have been hopeless. 

We have not yet discussed the diffusion of the rods themselves. This problem 
involves simultaneous translational and rotational diffusion. To  our knowledge, 
this problem has not been solved even for an isolated, asymmetric rigid particle 
much less for a collection of such particles. Nevertheless we can gain some 
insight by discussing the translational and rotational aspects of the problem 
separately. 

Consider a parallel array of rigid rods. Now attempt to translate one of the 
rods one lattice unit in the parallel direction, and one unit in the perpendicular 
direction. In order to translate parallel one needs only one vacant site, but to 
translate perpendicularly one needs r continguous vacant sites. Accordingly the 
diffusion coefficients become 

VI, Dll (0) 

where we have indicated by D,,(O) and D,(O) the fact that diffusion of a rod in 
dilute solution depends on the direction of motion relative to the orientation of 
the rod. Thus, the translational diffusion coefficients are highly asymmetric. 

The fact that r contiguous sites had to be empty in order for the molecule to 
translate in the 1 direction caused D, to be exponential in r .  This same feature 
causes the rotational diffusion coefficient to be exponential in r.  A simple calcu- 
lation yields 

1 

r 
Mo = v;I / ( 1  - V;(l--))  

where D, is the rotational diffusion coefficient in pure solvent. 
One can also calculate the effective potential in which each rigid rod ‘is 

immersed due to the presence of the other rods. The probability of being at an 
angle 0 is according to Boltzmann’s law 

f ( 6 )  a exp (- U (0) / k T )  2 n sin 0 v (3) 

But f(0) can be calculated and according to our statistics is given by 

r cos e v;I r sin e 
P = M o  

Thus, the effective potential is given by 
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330 M. BISHOP AND E. A. DIMARZIO 

which serves to determine U (to within a constant). Having determined U and 
D, , the rotational diffusion characteristics can in principle be determined from 
the Smolu~howski '~ diffusional equation. 

Notice that D ,  is angle dependent. In view of the fact that in reality transla- 
tional and rotational diffusion are coupled, it is probably sufficient to stop at 
the level of complexity evidenced by Eq. (6). It is interesting to notice that the 
Maier-Saupe theory of liquid crystals can be generalized to include the effects 
of orientation caused by hard core interactions by including the term U(6) in the 
Maier-Saupe energy term. 

We cannot at the present time compare our theoretical diffusion asymmetry 
ratios with experimental measurements on lyotropic liquid crystals because no 
such experiments have been reported. The few asymmetric diffusion coefficient 
measurements in the literature have been for thermotropic liquid crystals. Yun 
and Fredrickson l6 employed a flow diffusion experiment to determine R for 
nematic p-azoxyanisole (F'AA). They found that R equaled 0.80 at 398" K 
(R'=O.92). Janik er al. l7 used neutron scattering to find R for PAA. They 
concluded that R was equal to 0.52 between 396-399" K. (R'= 0.77). In addi- 
tion they found that the self-diffusion coefficient for PAA is 1.34 x lo4 cm2/s 
while Yun and Fredrickson obtained 0.35 x 10" cm2/sec! Indeed, there is 
some question about the validity of the neutron method because it is impossible 
to separate the contribution of rotation and translation to the diffusion coeffi- 
cient in this experiment. Blinc et a1.l8 have developed an NMR method which 
can be used to study self diffusion in liquid crystals. They do not report the 
magnitude of the diffusion anisotropy but do indicate that Dll > D, for para- 
methoxylbenzilidenebutylaniline (MBBA). 

The experimental measurements indicate that the diffusion anisotropy is not 
very high. This parallels our findings with the lyotropic liquid crystals. 

It has come to our attention that Murphy and Doane (J. A. Murphy and J. W. Doane, 
Mole. Cryst. and Liq. Cryst., 13, 93 (1971) have measured Dl/DiI for the diffusion of tetra- 
niethylsilane (a 'spherical' molecule) in a MBBA host by an NMR method. They report D ~ / D I I  
= .25 for a mole fraction of TMS equal to 5%. Their result is consistent with our theoretical 
treatment. 
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Appendix 

LATTICE MODEL CALCULATION OF THE DIFFUSION COEFFICIENT AS 
A FUNCTION OF ORDER PARAMETER 

In conformity with conventional practice we can define an order parameter as 

(1) 
< 3 c 0 s 2  e - I > = - 3 j- f (a) COS2 e d 8  1 

S =  
2 2 2 

where f(0) is the distribution function for the orientation of the rigid rods. 
Notice that S = 1 for complete parallel ordening and S = 0 for random ordering. 
We seek a relation connecting D,, and D, t o  S. This relation must be approxi- 
mate in nature since the proper statistics in the continuous case contains the 
variable 

L = 1 -<s in  E > ; sin E = Jf(Qn,) sin (al, i2) dQ (2) 

and 6: cannot be expressed in terms of S. The route we will take is to express S in 
terms of a, then use Eq. 111 (8) to express D,, D,, in terms of S .  Define a 
quantity 

L 

d: also equals 1 for complete order and 0 for complete randomness. Let us now 
attempt to associate a real polymer system (with a given f ( i 2 )  with a cubic 
system having an a, given by 

a1 = Jf(i2) COS’ 0 I di2 

a2 = Jf(f2)cos2 O 2  di2 

a3 = J f (0)cos’  0 3  df2 

(4) 

(5) 

( 6 )  

Consistancy requires that 

where a2 is the fraction along the x-axis and 62 the angle between r and the 
x-axis. Because of the relation 

we obtain 

cos0, = sine,  coscp 

cos O3 = sin sin Q, 

a1 +a, +a3 = 1 

which shows that the assignment is consistent. One notes also that the distribu- 
tion, f( i2) given by 
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332 M. BISHOP AND B. A. DIMARZIO 

f(a) = a1 6 (a, a11 + a2 6 (a, a21 + a3 6 (a, a31 (9) 
represents a system in which ai of the molecule lies in direction i. Use of the 
prescription given by Eqs. (4, 5, 6) does indeed give such a lattice. We therefore 
use Eqs. (4, 5, 6)(and the relation L = S )  to associate a cubic lattice model ( a l ,  
a2, a3) with a continuous model f(S2). We assume that calculations on the 
lattice model will be accurate for the associated continuum model. 

One obtains immediately from Eq. III (9) and Eq. (4) 

D VA D VA 

D,, = ( 2 S +  1) 1 , DI= 1 - s  1 (10) 
1 -  v;(1 --) 1-(-1 v;(l--) 

3 r 3 r 

For an f(n) that is not cylindrically symmetric one can define three order para- 
meters 

< ~ C O S ~ B ~ - ~ >  3 1 
(1 1) - - -a1 -- 

2 2 2  
s. = 

and I11 (10) becomes 

In our model S equals one so that Eq. 111 (8) is recovered from Eq. (10). 
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